1. Introduction {#se0010}
===============

The effectiveness of the performance of heat transfer rely on the behaviour of thermal conductivity of the working fluid. Thus, the enhancement of the thermal conductivity of the working fluids, such as water, ethyl glycol and oil by suspending a little fraction of nanoparticle (such as Cu, Ag, TiO~2~ and Al~2~O~3~) into it form a new class of engineering fluid known as nanofluid [@br0010]. Nanofluid is an innovative way of improving the characteristics of rate of heat transfer and is so attractive due to its numerous industrial, biomedical, electronics, transportation applications, such as in the hybrid-power engine, advanced nuclear system, auto-mobiles, biological sensors and drug delivery [@br0020]. The size of the suspended nanoparticle in diameter is often between 1 and 100 nm and when suspended in the convectional fluid will produce a dramatic enhancement in the thermophysical properties of the convectional fluid. However, the quest to enhance the rate of cooling/heating creates a lot of advantages in the industrial process such as energy savings, reducing the processing time and the cost of the production.

In view of this, Choi [@br0010] incorporates a solid nanoparticle into the working conventional fluid with the aim that the new fluid formed will possess high thermal conductivity as compared to the usual convectional fluid. He termed the mixture of these nanoparticles and the conventional base fluid as 'nanofluid'. Later, Xuan and Li [@br0030] studied the mixture of Cu nanoparticle and distilled water and reported that the thermal conductivity of the water-based Cu nanofluid is higher than that of distilled water in the ratio of about 1.24 to 1.78. Furthermore, Choi et al. [@br0040] noticed that, a little addition of small amount of solid nanoparticle into convectional heat transfer liquid increases the characteristics of thermal conductivity of the convectional liquids for about 200%.

In 2006, a comprehensive investigations on convective transport system in nanofluid was reported by Buongiorno [@br0050]. He observed that Brownian diffusion and thermophoresis are the major mechanisms for the enhancement of heat transfer and concluded that the large variations of the temperature in the boundary layer region caused the significant reduction in the fluid viscosity which consequently leads to an increase in the coefficient of heat transfer.

Later in 2007, Tiwari and Das [@br0060] developed another model for the study of nanofluid and heat transfer inside a two-sided lid-driven square cavity by studying the behaviour of nanoparticle volume fraction. They noticed that, the nanoparticle volume fraction is a vital parameter for understanding the influence of the nanoparticle in the fluid flow and heat transfer. Thus, nanoparticle volume fraction is an important parameter in studying the impact and characteristics of nanoparticle on the fluid flow velocity and temperature field. However, Yang et al. [@br0070], reported that the thermal conductivity of nanofluid flow is highly depends on the nanoparticle volume fraction and its properties such as the diameter and the shape.

Khan and Pop [@br0080] was first to analyze the behaviour of nanofluid flow past a stretching sheet using Buongiorno\'s model. They concluded that, the rate of heat transfer diminished with the rise in Brownian diffusion and thermophoresis parameters. Subsequently, Khan and Pop [@br0080]\'s work was extended by Rana and Bhargava [@br0090]. They numerically addressed the steady viscous nanofluid flow over a nonlinear stretching sheet using finite element method (FEM). A suitable similarity transformation was employed on the governing equations that determines the nanofluid flow. It was observed in their results that an increase in Brownian motion and thermophoresis parameters enhanced the thermal boundary layer thickness. Furthermore, the similarity solution of viscous boundary layer flow of nanofluid past a nonlinear stretching sheet was numerically addressed by Hamad and Ferdows [@br0100] using Tiwari and Das model. The effects of nanoparticle volume fraction and nonlinear stretching sheet parameter were analyzed and it was showed that the presence of nanoparticles in the based fluid is capable of changing the pattern and the behaviour of the fluid flow. Similarly, Hady et al. [@br0110] numerically investigates the influence of radiation on nanofluid fluid flow past a nonlinear stretching surface in the presence of variable wall temperature. They observed that the temperature of the nanofluid reduces with the increase in nonlinear stretching sheet and radiation parameters. Also, Das [@br0120] examined nanofluid flow past a nonlinear stretching sheet by taking into account the prescribed temperature at the surface in the presence of partial condition effect. It was showed that, an increased in nonlinear stretching sheet parameter and slip parameter decreased the nanofluid velocity and increased the thickness of the boundary layer. In the same vein, three dimensional nanofluid flow past a nonlinear stretching sheet was examined by Khan et al. [@br0130] using the fourth-fifth-order Runge-Kutta method. However, a stagnation-point nanofluid flow past a nonlinear stretching sheet with suction/injection was studied by Malvandi et al. [@br0140]. They show that the heat transfer rate is increased with the increased in suction parameter and reduces with the increased in the blowing parameter. Similarly, the effect of thermophoresis and Brownian movement on third-grade nanofluid and heat transfer past an oscillatory moving sheet was examined by Khan et al. [@br0150]. They noticed that Brownian and thermophoresis parameters plays a vital role in enhancing the nanoparticle and that the coefficient of skin friction reduced by augmenting the non-Newtonian fluid parameter.

The study of an electrically conducting nanofluid have also received a significant attention by many authors [@br0160], [@br0170], [@br0180], [@br0190], [@br0200], [@br0210] due to its importance in engineering and technological process such as in the plasma studies, MHD generators, MHD pumps, nuclear reactors, extraction of geothermal energy and bearings. Additionally, considerable attention has also been paid to either the viscous dissipation, thermal radiation or heat generation effects on the boundary layer flow of nanofluid and the characteristics of heat transfer embedded in a porous medium. This process has its extensive applications in oil reservoir and geothermal engineering. Magnetohydrodynamic viscous flow over an exponentially stretching surface with radiative effect in a porous medium was analyzed by Ahmed et al. [@br0220]. Shan et al. [@br0230] Analytically studied Williamson liquid film fluid flow and heat transfer in the presence of thermal radiation through a porous media over linear stretching sheet. They noted in their report that an increase in the porosity parameter reduces the flow of thin films and that liquid film flow is affected by the Lorentz force. Zeeshan et al. [@br0240] also examined MHD boundary layer flow of nanofluids in a porous medium. The effect of thermal radiation and heat generation on convective nanofluid flow past a stagnation point in a porous medium was examined by Pal and Mandal [@br0250]. Rama and Chandra [@br0260] uses hybrid approach to numerically study the influence of viscous dissipation on magnetohydrodynamic boundary layer nanofluid flow past a nonlinear stretching sheet saturated in a porous medium. Recently, Haroun et al. [@br0270] uses the method of spectral relaxation to study the effect of chemical reaction, viscous dissipation and radiation on magnetohydrodynamic nanofluid flow in a porous medium and noticed that velocity field reduced with the increase in the porosity parameter, while the temperature distributions increased with the increase in porosity parameter. Similarly, magnetohydrodynamic nanofluid flow and heat transfer between porous surface and stretching sheet was analyzed by Geng et al. [@br0280]. Furthermore, Patel [@br0290] examined the impacts of heat generation, nonlinear thermal radiation and cross diffusion on an electrically conducting Casson fluid saturated in a porous medium using homotopy analysis. He noted from his results that the skin friction can be reduced with decrease in the value of magnetic field, Casson fluid and chemical reaction parameters.

The main aim of this work in view of the significance of nanoparticle volume fraction in enhancing the thermal conductivity of the nanofluid flow, is studying the combined effects of thermal radiation, heat generation and viscous dissipation on boundary layer flow using Tiwari and Das mathematical model for convective transport of an electrically conducting nanofluid over a nonlinear stretching sheet through a porous medium. The governing equations was transformed into system of ordinary differential equations via similarity solutions and then solved numerically using Keller box method.

2. Formulation of the problem {#se0020}
=============================

A steady two-dimensional magnetohydrodynamic nano-fluid flow past a nonlinear stretching sheet saturated in a porous medium in the presence of viscous dissipation, thermal radiation and heat generation using Tiwari and Das model is considered in this article. Water is utilised as the based fluid and Copper as the nanoparticle. It is assumed that the convectional base fluid and the suspended nanoparticles are assumed to be in thermal equilibrium. The thermophysical properties of the nanofluid are presented in [Table 1](#tbl0010){ref-type="table"}. The variable stretching velocity, the variable magnetic field and the variable permeability of the porous medium of the nanofluid flow is assumed to be of the form $U_{w} = ax^{n}$, $B(x) = B_{0}x^{2n - 1}$ and $k(x) = k_{0}x^{1 - n}$ respectively [@br0260], where *n* is the stretching sheet parameter, *a* is the stretching constant, $k_{0}$ is the permeability constant and $B_{0}$ is the constant of the magnetic field. The surface of the stretching sheet is also held at a temperature $T_{w} = T_{\infty} + bx^{2n - 1}$, where *n* is the parameter for the surface temperature, $b( > 0)$ is a constant and $T_{\infty}$ is the ambient temperature of the nanofluid. The two-dimensional continuity, momentum and energy equations that governed the flow problem can be expressed as, [@br0060], [@br0110], [@br0260]$$\frac{\partial u}{\partial x} + \frac{\partial v}{\partial y} = 0,$$$$\rho_{nf}\left( u\frac{\partial u}{\partial x} + v\frac{\partial u}{\partial y} \right) = \mu_{nf}\frac{\partial^{2}u}{\partial y^{2}} - \frac{\mu_{nf}}{k(x)}u - \sigma_{nf}B^{2}(x)u,$$$$u\frac{\partial T}{\partial x} + v\frac{\partial T}{\partial y} = \alpha_{nf}\frac{\partial^{2}T}{\partial y^{2}} + \frac{\mu_{nf}}{{(\rho C_{p})}_{nf}}\left( \frac{\partial u}{\partial y} \right)^{2} - \frac{1}{{(\rho C_{p})}_{nf}}\frac{\partial q_{r}}{\partial y}\quad + \frac{q}{{(\rho C_{p})}_{nf}}(T - T_{\infty}),$$ and the corresponding boundary conditions$$u = U_{w}(x) = ax^{n},\ v = 0,\ T = T_{w} = T_{\infty} + bx^{2n - 1}\text{at}\mspace{1mu} y = 0\quad u\rightarrow 0, T = T_{\infty}\text{as}\mspace{1mu} y\rightarrow\infty$$ where *x* is the direction along the sheet, *y* is the direction perpendicular to the sheet, *u* and *v* are the horizontal and vertical velocity in *xy*-direction respectively, $\rho_{nf}$, $\mu_{nf}$, ${(\rho C_{p})}_{nf}$, $\beta_{nf}$, $\sigma_{nf}$, $k(x)$, $\alpha_{nf} = \frac{k_{nf}}{{(\rho C_{p})}_{nf}}$ and $k_{nf}$ are respectively the effective density, coefficient of viscosity, heat capacitance at constant pressure, thermal expansion, electrical conductivity, variable permeability, thermal diffusivity and thermal conductivity of the nanofluids. While $q_{r}$ and *q* are the radiative heat flux and heat generation constant respectively.Table 1Thermophysical properties of water and Cu nanoparticles [@br0300].Table 1Physical propertiesBase fluid (water)Cu (nanoparticle)*ρ* (kg/m^3^)997.18933C~*p*~ (J/kg K)4179385k (W/m K)0.613400*β* × 10^5^ (K^−1^)211.67*σ* (Ω.m)^−1^0.055.96 × 10^7^

Under the usual Roseland approximation, the radiative heat flux is given by$$q_{r} = - \frac{4\sigma^{\ast}}{3k^{\ast}}\frac{\partial T^{4}}{\partial y},$$ where $\sigma^{\ast}$ is the Stefan-Boltzmann constant and $k^{\ast}$ is the mean absorption coefficient. The term $T^{4}$ can be expressed as a linear function of temperature by assuming temperature difference within the flow region. Using Taylor′s series expansion about the ambient temperature $T_{\infty}$ and neglecting any higher order terms. The $T^{4}$ can be expanded as$$T^{4} \cong 4T_{\infty}^{3}T - 3T_{\infty}^{4}.$$

Following [@br0060], [@br0100], [@br0300] the thermophysical properties of nanofluid are defined as$$\rho_{nf} = (1 - \phi)\rho_{f} + \phi\rho_{s},$$$$\mu_{nf} = \frac{\mu_{f}}{{(1 - \phi)}^{2.5}},$$$${(\rho\beta)}_{nf} = (1 - \phi){(\rho\beta)}_{f} + \phi{(\rho\beta)}_{s},$$$${(\rho C_{p})}_{nf} = (1 - \phi){(\rho C_{p})}_{f} + \phi{(\rho C_{p})}_{s},$$$$\frac{k_{nf}}{k_{f}} = \frac{(k_{s} + 2k_{f}) - 2\phi(k_{f} - k_{s})}{(k_{s} + 2k_{f}) + \phi(k_{f} - k_{s})},$$$$\frac{\sigma_{nf}}{\sigma_{f}} = 1 + \frac{3\left( \frac{\sigma_{s}}{\sigma_{f}} - 1 \right)\phi}{\left( \frac{\sigma_{s}}{\sigma_{f}} + 2 \right) - \left( \frac{\sigma_{s}}{\sigma_{f}} - 1 \right)\phi},$$ where *ϕ*, $\rho_{f}$, $\rho_{s}$, $\mu_{f}$, $\beta_{f}$, $\beta_{s}$, ${(\rho C_{p})}_{f}$, ${(\rho C_{p})}_{s}$, $\sigma_{f}$, $\sigma_{s}$, $k_{f}$ and $k_{s}$ are respectively the nanoparticle solid volume fraction, the density of the pure fluid, the density of nanoparticle, the effective viscosity of the base fluid, the thermal expansion coefficient of the fluid, the thermal expansion coefficient of the nanoparticles, the heat capacitance of base fluid, the heat capacitance of nanoparticle, the electrical conductivity of the fluid, the electrical conductivity of the nanoparticles, the thermal conductivity of the base fluid and the thermal conductivity of the solid fraction.

The following non-dimensional similarity transformations were introduced in order to reduce the partial differential equations [(2)](#fm0020){ref-type="disp-formula"} and [(3)](#fm0030){ref-type="disp-formula"} into non-dimensional ordinary differential equations$$\eta = \sqrt{\frac{(n + 1)u}{2\nu x}}y,\qquad\psi(x,y) = \sqrt{\frac{2\nu ux}{(n + 1)}}f(\eta),$$$$\theta(\eta) = \frac{T - T_{\infty}}{T_{w} - T_{\infty}},$$ where $\eta(x,y)$ is the similarity variable, *ν* is the kinematic viscosity of the fluid, $\theta(\eta)$ dimensionless temperature and $\psi(x,y)$ the stream function defined by$$u = \frac{\partial\psi}{\partial y},\qquad v = - \frac{\partial\psi}{\partial x}.$$

By substituting Eqs. [(5)](#fm0070){ref-type="disp-formula"}--[(12)](#fm0140){ref-type="disp-formula"} into Eqs. [(2)](#fm0020){ref-type="disp-formula"} and [(3)](#fm0030){ref-type="disp-formula"}, we have$$f^{'''} + {(1 - \phi)}^{2.5}\left( 1 - \phi + \phi\frac{\rho_{s}}{\rho_{f}} \right)\left( ff^{''} - \left( \frac{2n}{n + 1} \right)f^{\prime 2} \right) - \left( \frac{2}{n + 1} \right)\left\{ K + M{(1 - \phi)}^{2.5}\left\lbrack 1 + \frac{3\left( \frac{\sigma_{s}}{\sigma_{f}} - 1 \right)\phi}{\left( \frac{\sigma_{s}}{\sigma_{f}} + 2 \right) - \left( \frac{\sigma_{s}}{\sigma_{f}} - 1 \right)\phi} \right\rbrack \right\} f^{\prime} = 0,$$$$\frac{k_{nf}}{k_{f}}\left( 1 + \frac{4}{3}R \right)\theta^{''} + Pr\left( 1 - \phi + \phi\frac{{(\rho C_{p})}_{s}}{{(\rho C_{p})}_{f}} \right)\left\{ f\theta^{\prime} - \left( \frac{2(2n - 1)}{n + 1} \right)f^{\prime}\theta \right\}\quad + Pr\left( \frac{Ec}{{(1 - \phi)}^{2.5}} \right){(f^{''})}^{2} + Pr\left( \frac{2}{n + 1} \right)Q\theta = 0,$$ subject to the following non-dimensional conditions$$f(\eta) = 0,\, f^{\prime}(\eta) = 1,\,\theta(\eta) = 1\mspace{1mu}\text{at}\eta = 0 f^{\prime}(\eta) = 0,\,\theta(\eta) = 0\mspace{6mu}\text{as}\mspace{7mu}\eta\rightarrow\infty.$$

The primes (′) denote the derivative of a function *f* with respect to *η*, *ϕ* is the nanoparticle volume fraction, *n* is the nonlinear sheet parameter, *M* is the magnetic parameter, *K* is the permeability parameter, *R* is the radiation parameter, *Pr* is the Prandtl number, *Ec* is the Eckert number and *Q* is the heat generation parameter which are defined as$$M = \frac{\sigma_{f}B_{0}^{2}}{\rho_{f}a},\mspace{2mu} K = \frac{\nu_{f}}{ak_{0}},\mspace{2mu} R = - \frac{4\sigma^{\ast}T_{\infty}^{3}T}{k_{nf}k_{nf}^{\ast}},$$

The physical quantities of interests are the coefficient of skin friction $C_{f}$ and the local Nusselt number $Nu_{x}$, which are defined by$$C_{f} = \frac{\tau_{w}}{\rho_{f}u_{w}^{2}}\,\text{and}\, Nu_{x} = \frac{xq_{w}}{k_{f}(T_{w} - T_{\infty})},$$ where $\tau_{w}$ is the skin friction from the plate and $q_{w}$ is the wall heat flux from the plate. The wall skin friction and the heat flux in this problem are defined as$$\tau_{w} = \mu_{nf}\left( \frac{\partial u}{\partial y} \right)_{y = 0}$$ and$$q_{w} = \left\lbrack - \left( k_{nf} + \frac{16\sigma^{\ast}T_{\infty}^{3}}{3k^{\ast}} \right)\left( \frac{\partial T}{\partial y} \right) \right\rbrack_{y = 0}.$$ Using the Eqs. [(13)](#fm0160){ref-type="disp-formula"}, [(14)](#fm0170){ref-type="disp-formula"} and [(20)](#fm0280){ref-type="disp-formula"} in Eq. [(19)](#fm0260){ref-type="disp-formula"}, the coefficient of the skin friction and the local Nusselt number can be expressed in terms of local Reynolds number $Re_{x} = xu_{x}(x)/\nu_{f}$ as$$Re_{x}^{1/2}C_{f} = \frac{1}{{(1 - \phi)}^{2.5}}\left( \frac{n + 1}{2} \right)^{1/2}f^{''}(0)$$ and$$Re_{x}^{- 1/2}Nu_{x} = - \frac{k_{nf}}{k_{f}}\left( 1 + \frac{4}{3}R \right)\left( \frac{n + 1}{2} \right)^{1/2}\theta^{\prime}(0).$$

3. Method of solution {#se0030}
=====================

The Keller box method, which is an implicit finite difference scheme is employed to numerically solved the governing equations for this problem. The partial differential equations [(1)](#fm0010){ref-type="disp-formula"}--[(3)](#fm0030){ref-type="disp-formula"} governing the flow problem with the boundary conditions [(4)](#fm0050){ref-type="disp-formula"} are transformed into ordinary differential equations [(15)](#fm0190){ref-type="disp-formula"} and [(16)](#fm0210){ref-type="disp-formula"} with the corresponding boundary conditions [(17)](#fm0230){ref-type="disp-formula"}. This method has four basic steps:1.The transformed nonlinear ordinary differential equations [(15)](#fm0190){ref-type="disp-formula"} and [(16)](#fm0210){ref-type="disp-formula"} with the boundary condition [(17)](#fm0230){ref-type="disp-formula"} are written in terms of system of first order equations by introducing new independent variables $f(\eta)$, $u(\eta)$, $v(\eta)$, $r(\eta)$ and $s(\eta)$, defines as$$f^{\prime}(\eta) = u,$$$$u^{\prime}(\eta) = v,$$$$r^{\prime}(\eta) = s,$$$$v^{\prime} + {(1 - \phi)}^{2.5}\left( 1 - \phi + \phi\frac{\rho_{s}}{\rho_{f}} \right)\left( fv - \left( \frac{2n}{n + 1} \right)u^{2} \right) - \left( \frac{2}{n + 1} \right)\left\{ K + M{(1 - \phi)}^{2.5}\left\lbrack 1 + \frac{3\left( \frac{\sigma_{s}}{\sigma_{f}} - 1 \right)\phi}{\left( \frac{\sigma_{s}}{\sigma_{f}} + 2 \right) - \left( \frac{\sigma_{s}}{\sigma_{f}} - 1 \right)\phi} \right\rbrack \right\} u = 0,$$$$\frac{k_{nf}}{k_{f}}\left( 1 + \frac{4}{3}R \right)s^{\prime} + Pr\left( 1 - \phi + \phi\frac{{(\rho C_{p})}_{s}}{{(\rho C_{p})}_{f}} \right)\left\{ fs - \left( \frac{2(2n - 1)}{n + 1} \right)ur \right\} + Pr\left( \frac{Ec}{{(1 - \phi)}^{2.5}} \right)v^{2} + Pr\left( \frac{2}{n + 1} \right)Qr = 0,$$ where $\theta(\eta) = r(\eta)$ and the corresponding boundary condition [(17)](#fm0230){ref-type="disp-formula"} becomes$$f(\eta) = 0,\mspace{1mu} u(\eta) = 1\mspace{1mu}\text{and}\mspace{1mu} r(\eta) = 1:\mspace{1mu}\mspace{1mu}\text{at}\mspace{1mu}\eta = 0,$$$$u(\eta)\rightarrow 0,\mspace{1mu} v(\eta)\rightarrow 0\mspace{1mu}\text{and}\mspace{1mu} r(\eta)\rightarrow 0:\mspace{1mu}\mspace{1mu}\text{as}\mspace{1mu}\eta\rightarrow\infty.$$2.The first order equations obtained are then approximated about the mid point by the central differences at the mid points of the computational grid (mesh), and the function values are approximated as average, centred at the mid points of the mesh.3.The approximated algebraic equations are linearized through Newton\'s method4.The system of linearized equations are finally solved by the block-tridiagonal factorization method on the coefficient matrix of the finite difference equations.

The details of this Keller box techniques is found in the book of Cebeci and Bradshaw [@br0310]. The numerical algorithms are developed using FORTRAN 77 for the iterative computation. In this problem, a step size $\Delta\eta = 0.03$ was used in order to obtain the accurate numerical results and the convergence criterion is set to $10^{- 6}$ to achieve accuracy to six decimal places. The boundary layer thickness, $\eta_{\infty}$ has been set at the range of 4 to 8, which defines the large values at which the satisfaction of the outer boundary condition is achieved.

4. Results and discussion {#se0040}
=========================

In this article, we have studied the combine effects of thermal radiation, heat generation and viscous dissipation on magnetohydrodynamic nanofluid flow induced by a nonlinear stretching sheet using nanofluid model that incorporates nanoparticle volume fraction (i.e. Tiwari and Das model). The transformed ordinary differential equations [(15)](#fm0190){ref-type="disp-formula"} and [(16)](#fm0210){ref-type="disp-formula"} with the corresponding boundary conditions [(17)](#fm0230){ref-type="disp-formula"} are solved numerically through Keller box method. In order to get clear insight of the present problem, we investigate the effects of the governing physical parameters, namely nonlinear stretching parameter *n*, magnetic parameter *M*, permeability parameter *K*, nanoparticle volume fraction parameter *ϕ*, Eckert number *Ec*, radiation parameter *R*, heat generation parameter *Q* and Prandtl number *Pr* on velocity and temperature profiles and at the same time the coefficient of skin friction and Nusselt number at the wall are also investigated and illustrated in Figs. [1](#fg0010){ref-type="fig"}, [2](#fg0020){ref-type="fig"}, [3](#fg0030){ref-type="fig"}, [4](#fg0040){ref-type="fig"}, [5](#fg0050){ref-type="fig"}, [6](#fg0060){ref-type="fig"}, [7](#fg0070){ref-type="fig"}, [8](#fg0080){ref-type="fig"}, [9](#fg0090){ref-type="fig"}, [10](#fg0100){ref-type="fig"}, [11](#fg0110){ref-type="fig"}, [12](#fg0120){ref-type="fig"}, [13](#fg0130){ref-type="fig"}, [14](#fg0140){ref-type="fig"} and [Table 2](#tbl0030){ref-type="table"}.Figure 1Effect of nanoparticle volume fraction *ϕ* on the velocity profile for *M* = 0.Figure 1Figure 2Effect of nanoparticle volume fraction *ϕ* on the temperature profile for *M* = 0.Figure 2Figure 3Effect of nanoparticle volume fraction *ϕ* on the velocity profile for *M* = 2.Figure 3Figure 4Effect of nanoparticle volume fraction *ϕ* on the temperature profile for *M* = 2.Figure 4Figure 5Effect of permeability parameter *K* on the velocity profile.Figure 5Figure 6Effect of permeability parameter *K* on the temperature profile.Figure 6Figure 7Effect of nonlinear stretching parameter *n* on the velocity profile.Figure 7Figure 8Effect of nonlinear stretching parameter *n* on the temperature profile.Figure 8Figure 9Effect of heat generation parameter *Q* on the temperature profile.Figure 9Figure 10Effect of Eckert number *Ec* on the temperature profile.Figure 10Figure 11Effect of radiation parameter *Q* on the temperature profile.Figure 11Figure 12Effect of magnetic parameter *M* on the velocity profile.Figure 12Figure 13Effect of magnetic parameter *M* on the temperature profile.Figure 13Figure 14Effect of Prandtl number *Pr* on the temperature profile.Figure 14Table 2Variations of skin friction coefficient −*f*″ (0) and Nusselt number −*θ*′(0) for various values of dimensionless governing parameters.Table 2*ϕnMKRQEcPr*−*f*″(0)−*θ*′(0)**0.0**2.02.01.00.50.10.26.22.9256851.071278**0.1**2.02.01.00.50.10.26.22.7028220.851237**0.2**2.02.01.00.50.10.26.22.4538070.6848890.1**1.0**2.01.00.50.10.26.23.1109130.0078660.1**3.0**2.01.00.50.10.26.22.5513601.1987050.1**7.0**2.01.00.50.10.26.22.3688921.6428000.12.0**1.0**1.00.50.10.26.22.2639511.1546670.12.0**3.0**1.00.50.10.26.23.0578320.6106510.12.0**4.0**1.00.50.10.26.23.3592510.4134730.12.02.0**0.0**0.50.10.26.22.4968340.9933650.12.02.0**1.0**0.50.10.26.22.7028220.8512370.12.02.0**4.0**0.50.10.26.23.2140600.5074830.12.02.01.0**0.2**0.10.26.21.0015760.12.02.01.0**0.5**0.10.26.20.8512370.12.02.01.0**1.0**0.10.26.20.6960580.12.02.01.00.5**0.0**0.26.20.9577180.12.02.01.00.5**0.5**0.26.20.6142310.12.02.01.00.5**1.0**0.26.20.3375400.12.02.01.00.50.1**0.1**6.21.1933530.12.02.01.00.51.1**0.3**6.20.5091220.12.02.01.00.51.1**0.5**6.20.1751100.12.02.01.00.50.10.2**5.0**0.7480200.12.02.01.00.51.10.2**7.0**0.9153890.12.02.01.00.51.10.2**9.0**1.059447

Figs. [1](#fg0010){ref-type="fig"}, [2](#fg0020){ref-type="fig"}, [3](#fg0030){ref-type="fig"} and [4](#fg0040){ref-type="fig"} show the behaviours of velocity and temperature profiles for various values of nanoparticle volume fraction *ϕ* with and without magnetic field *M*. It is evident from these figures that horizontal velocity increased with an increase in the value of nanoparticle volume fraction. This implies that an increase in *ϕ* weakens the flow and leads to the rise in the thickness of momentum boundary layer. Similarly, temperature profiles are enhanced with the increased in the nanoparticle volume fraction. This is due to the fact that the thermal conductivity of nanofluid rises with the suspension of more solid particles into the based fluid which in turns increases the heat transfer. This increase in the temperature profiles leads to the increase in the thermal boundary layer thickness. However, the thermal boundary layer become thicker as the values of *ϕ* increases from 0 (i.e. water) to 0.4 (i.e. Cu-water). This is due to the fact that copper posses higher thermal conductivity as compared to the conventional based fluid. It is also observed from these figures that the effect of magnetic field on the nanoparticle volume fraction is higher with respect to the temperature profiles as compared to the velocity profiles for the same values of *ϕ*.

Figs. [5](#fg0050){ref-type="fig"} and [6](#fg0060){ref-type="fig"} illustrate the effects of permeability parameter *K* on the velocity field and the temperature distribution. We infer from these figures that the velocity profile decreases with the increased in the porosity parameter *K*. This arises due to the fact that an increase in *K* amplify the porous layer and thereby reduces the thickness of momentum boundary layer. Likewise, an increase in *K* enhances the temperature distributions in the boundary layer region. Physically, that heat is being transferred from the solid wall to the flow region by Darcian\'s body force.

Figs. [7](#fg0070){ref-type="fig"} and [8](#fg0080){ref-type="fig"} show the influence of nonlinear stretching sheet parameter *n* on velocity and temperature profiles. It can be observed from [Fig. 7](#fg0070){ref-type="fig"} that there is an increase in the velocity profile for larger values of *n*. This enhancement in the non-dimensional stretching velocity is due to larger value of *n* and it tends to produce more deformation in the liquid. This phenomenon shows that the associated momentum boundary layer become thicker as the value of *n* increases. Whereas a decrease in the temperature profile is noticed with an increased in *n*, thereby leading to the increase in the heat transfer.

Variations of various values of heat generation parameter *Q* on the temperature profile is displayed in [Fig. 9](#fg0090){ref-type="fig"}. It is obvious that heat generation takes place in the thermal boundary layer whenever *Q* increases positively. The intense amount of heat generated in the fluid leads to enhancement of the thermal energy of the nanofluid. This process escalates the thermal boundary layer thickness which implies that heat energy is released and thereby leads to the increase in the fluid\'s temperature.

The variation of Eckert number *Ec* with the temperature profile is depicted in [Fig. 10](#fg0100){ref-type="fig"}. The presence of Eckert number in nanofluid raises the production of thermal energy which become more intense which leads to the enhancement in the temperature distributions and consequently thermal layer thickness. This is due to the fact that the viscosity of nanofluid stores energy from the flow due to the increase in heat energy by frictional heating and transforms it into internal energy where the nanofluid thermal energy gain heated.

The effect of thermal radiation on temperature distribution is illustrated in [Fig. 11](#fg0110){ref-type="fig"}. It is observed that temperature distribution increases with the increase in the thermal radiation parameter *R*. An increment in the radiation parameter causes fluid to release heat energy from the flow region which prompts the temperature of the nanofluid to rise and thereby cools the system. Large value of radiation parameter produces more heat to the system which eventually escalate the temperature of the fluid and thereby increases the thickness of thermal boundary layer. This is apparent that mean absorption coefficient $k^{\ast}$ decays with its increase which may be responsible for the increase of thermal field. The presence of magnetic field also influences the rises in the temperature. This shows that the thermal radiation should be at minimal value for a better cooling process.

The effect of magnetic parameter *M* on velocity and temperature profiles are exhibited in Figs. [12](#fg0120){ref-type="fig"} and [13](#fg0130){ref-type="fig"}. Here, we noticed that the velocity profile is a decreasing function of *M* whereas temperature profile escalate with the increase in *M*. Interestingly, a stronger magnetic force gives more resistance to the flow of nanofluid. As a result of the decrease in the velocity profile, the momentum boundary layer thickness declined as shown in [Fig. 12](#fg0120){ref-type="fig"}. While the thickness of the thermal boundary layer rises as the Lorentz force in the magnetic field becomes stronger with higher values of *M*. It is obvious that magnetic field produces an opposing/resistive force known as Lorentz force which reduces the velocity of the fluid and prompt the flow boundary layer to be become thinner. Furthermore, as the temperature profile enhanced, the thermal boundary layer thickness increased.

The behaviour of temperature profile for various values of Prandtl number *Pr* is depicted in [Fig. 14](#fg0140){ref-type="fig"}. It is clearly seen from this figure that an increase in *Pr* reduces the temperature profiles which resulted in the decrease in the thermal boundary layer thickness. This implies that heat will diffuse quickly for larger values of Prandtl number. Thus, the thermal diffusivity of the fluid grows as the Prandtl number increases which leads to the enhancement of the temperature of the fluid.

To ascertain the accuracy of the current results, the comparison of the present results with the previous results of Hady et al. [@br0110] for local Nusselt number -*θ*(0) are shown in [Table 3](#tbl0020){ref-type="table"}. The comparison affirms a good and close agreement as displayed in the table. [Table 2](#tbl0030){ref-type="table"} displays the impact of flow parameters, *n*, *ϕ*, *M*, *K*, *R*, *Q*, *Ec* and *Pr* on the coefficient of skin friction and the local Nusselt number for the mixture of Copper nanoparticle and the water as based fluid. It is evident from this table that the magnitude of coefficient of skin friction is enhanced with the increased in magnetic and porosity parameters, whereas an increase in *ϕ* and *n* leads to the decrease in the coefficient of skin friction. In the same vein, an increased in local Nusselt number is also observed by augmenting the values of *n* and *Pr*, while an increase in *ϕ*, *M*, *K*, *R*, *Q* and *Ec* reduces the values of local Nusselt number, which implies that nanofluid will be of importance in heating and cooling process.Table 3Comparison of Nusselt number at the wall for the present results and that of Hady et al. [@br0110] when *K* = *R* = *Q* = 0 and *n* = *Pr* = 1.Table 3*Ecn*−*θ*′(0)−*θ*′(0)Hady et al. [@br0110]Present results0.00.753.1235183.12311.53.5665323.56607.04.1843864.1846104.2549394.25390.10.753.0135243.01341.53.4531543.45397.04.0637574.0635104.1333384.1331

5. Conclusion {#se0050}
=============

The influence of combined effects of heat generation parameter, radiation parameter, nanoparticle volume fraction and Eckert number on magnetohydrodynamic flow of nanofluid past a nonlinear stretching sheet saturated in a porous medium is numerically studied. The partial differential equations govern the fluid flow and heat transfer are transformed into system of fourth order ordinary differential equations via a suitable similarity transformation which are then solved with the aid Keller box method. The study revealed how the behaviour of the governing parameters such as nonlinear stretching parameter $n(1,3,7,10)$, nanoparticle volume fraction$\phi(0,0.1,0.2,0.4)$, permeability parameter $K(0,1,4,7)$, magnetic parameter $M(1,2,3,4)$, radiation parameter $R(0,0.2, - 0.5,1)$, heat generation parameter $Q(0,0.5,1,1.5)$, Eckert number $Ec(0,0.1,0.3,0.4)$ and Prandtl number $Pr(5,7,9,11)$ affect the nanofluid flow and the characteristics of heat transfer problems. The following summary were made from the current study:•An increase in the value of nanoparticle volume fractions *ϕ* enhances the velocity field and the temperature distribution in the thermal layer region.•An increase in the value of Eckert number, heat generation parameter and radiation parameter increases the fluid\'s temperature.•An enhancement of thermal boundary layer is observed with the rise in the porosity parameter.•The coefficient skin friction escalate with the rise in *M*, *K*, and reduces with *n* and *ϕ*, whereas the rate of heat transfer at the surface reduces by intensifying the values of *ϕ*, *M*, *K*, *Ec*, *Q*, *R*, and intensify with the rise in *n* and *Pr*.
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